The properties of baryon resonances are extracted from a complicated process of fitting sophisticated, empirical models to data. The reliability of this process comes from the quality of data and the robustness of the models employed. With the large of amount of data coming from recent experiments, this is an excellent time for a study of the model dependence of this extraction process. A test case is chosen where many theoretical details of the model are required, the S 11 partial wave. The properties of the two lowest N * resonances in this partial wave are determined using various models of the resonant and non-resonant amplitudes. PACS number(s): 13.75.Gx, 13.30.Eg, 
Introduction
The problem of extracting baryon resonance parameters from observables measured in scattering experiments is of fundamental importance. In order to understand the relevant degrees of freedom at low energy and their interactions in the few dozen N * states found to date, reliable and objective information on their properties extracted from data is required.
Models of the baryon spectrum are usually compared to masses defined in terms of effective Breit-Wigner parameters. A more sensitive test of such models is the comparison of total widths and branching fractions to open channels of each resonance to those extracted from data. These quantities are also defined in terms of effective Breit-Wigner parameters, but in general show more sensitivity to the method used to fit the data. What is not commonly appreciated is the dependence of these resonance parameters on the method used to extract them from a fit to the data. For example, it is not uncommon to see such parameters referred to as "data" in the literature.
The primary goal of this paper is to examine the model dependence in this process in a carefully chosen test case, states in the S 11 partial wave in πN. States in this partial wave have both significant physics interest and significant uncertainty in their parameters as reported by the Particle Data Group (PDG) in their Review of Particle Properties [8] .
Most of the literature considers the lowest energy resonance in this partial wave [S 11 (1535)]
as a three-quark state within the quark model [1] . However, the substantial branching fraction of S 11 (1535) to ηN has, given the small phase space available for this decay, led to the interpretation of this state as a meson-baryon molecule [2] . Lattice calculations of the masses of these states have recently been developed [3] . In addition, constituent quark models which describe these S 11 resonances as (P -wave) orbital excitations with J P = 1/2 − differ in their prediction of the amount of mixing between the two possible quark-spin states [4] , because of different models of the short distance interactions between the quarks.
A comparison between partial widths calculated in a given model and those extracted from data can be used to determine the nature of these short distance interactions. This makes the dependence of these partial widths on the method used to extract them from fits to data important, and relevant.
These important microscopic issues are unable to be settled with the uncertainty in the full and partial widths presently reported by the PDG, which vary widely among various studies. At one extreme, analyses of the πN elastic scattering data tend to give a full width of about 120 MeV for S 11 (1535), with πN as the dominant decay branch [5, 6] . At the other extreme, threshold eta photo-production data gives a much larger full width Γ ∼ 210 MeV, with ηN as the larger decay branch. Only a unified treatment of all the data can provide a consistent picture.
The purpose of this paper is to examine the model dependence of S 11 resonance parameters by extracting them from several fits to the partial wave amplitudes for πN → πN [5] and πN → ηN [7] scattering in the S 11 partial wave. These fits have different levels of sophistication in their of description of the scattering matrix. The analysis of these channels in this partial wave is chosen because the proximity of two overlapping resonances [S 11 (1535) and S 11 (1650)] and the ηN channel threshold makes it an interesting and nontrivial example. Although the number of open channels is much larger than two, the two channels that have been chosen are the most important and account for 90% (1535) and about 80% (1650) of the decay width when all channels are included [8] .
Breit-Wigner models can get good fits to single channel data (e.g. πN → ηN [9] , γN → πN [10] ), but have non-trivial uncertainties and at times surprising results. In simplifying an intrinsically multichannel problem into a single channel model, information from other reactions must be included with accompanying uncertainties. In addition, there is no single commonly accepted form for the resonance shape. When a somewhat large (∼10) set of asymptotic states can couple to each N * with high probability, including a large sample of reactions and application of the unitarity constraint are extremely important. Common multichannel techniques include K-matrix [11, 12] and CMB [13, 7] models. Each has a good way to include a variety of interactions respecting multichannel unitarity, with varying ability to include dynamics.
Three methods are used here to perform the extraction of resonance parameters via a fit to the partial wave amplitudes. The most constrained is the CMB model, which was developed [14] to describe πN elastic and inelastic scattering, and extended and modernized in Ref. [7] . This approach has multi-channel unitarity, and the scattering matrix (a matrix in the space of channels) has the required analytic structure. Resonances are modeled as "bare" poles, which are "dressed" by coupling to the open asymptotic channels.
The second, simpler approach is to describe the unitary T matrix using a real symmetric K matrix, which is in turn written directly in terms of resonance parameters. This approach maintains multi-channel unitarity, but does not satisfy analyticity constraints. The third, simplest approach is to build the T matrix directly from a sum of relativistic Breit-Wigner forms for the resonances. In this case, minimal constraints on the scattering amplitudes are available. Below ππ production threshold, the overall amplitude can be made unitary using Watson's theorem. However, the ηN channel must be included for a good description of the S 11 partial wave, and only ad-hoc methods [10] are available to accomplish this. The
Breit-Wigner models used here are neither unitary nor analytic.
Non-resonant amplitudes must be added to account for scattering processes which do not involve s-channel N * resonances. Although a fairly small set of diagrams describing nonresonant processes can be identified at lower total energy (W ∼ 1.3 GeV), the set of possible diagrams grows rapidly as the total energy increases to 2.0 GeV. To date, no published work has included all the relevant diagrams. Empirical descriptions of the non-resonant amplitudes can be chosen since each resonance has a strong signal in at least one of the reactions studied, and most publications find the non-resonant amplitudes to be smaller than the resonant amplitudes. The "distant poles" model is designed for use with the CMB model. Bare poles well below and well above the thresholds for the channels being studied,
i.e. distant poles, are fit to the partial-wave data with methods very similar to those used for the resonance poles. In the CMB model they provide a smooth, analytic, unitary T matrix in the physical region; they can also be incorporated into a K-matrix model to provide a unitary scattering matrix. Another method adds to the resonant amplitudes polynomials quadratic in the parameters x c = (s − s th,c ) 1/2 for each exit channel c, which can yield a unitary T matrix for the K-matrix approach.
The procedure used here is to calculate, using the CMB, K-matrix, and Breit-Wigner approaches, the matrix T ab for scattering between the channels {a, b} ∈ {πN, ηN} in terms of a set of parameters describing the resonant and non-resonant amplitudes. Different treatments of the background are explored, giving a total of eight different models. A χ 2 statistic is minimized by varying these parameters to best fit the partial wave amplitudes for the πN → πN [5] and πN → ηN [7] reactions.
The goals of this work are somewhat limited in order to make a clear statement about model dependence, and for this reason the resonance parameters which result should not be considered for use in understanding the microscopic structure of the S 11 resonance states.
The channel space is greatly simplified to only the two principal channels, leaving out other channels such as π∆ that are a much smaller part of the amplitudes, but which must be included for the optimal values. From ten-channel fits to both πN and γN reactions, the S 11 (1650) width is known to be ∼50% larger than in a two-channel fit. In addition, the sophisticated K-matrix techniques developed by the Giessen group [11] are not used here.
Models of the scattering matrix
In this section the form of the scattering matrix in the various models is described, along with the implementation of the two forms of background described above.
CMB model
In this work the S 11 partial wave in πN elastic and πN → ηN scattering is described using only the two light resonances S 11 (1535) and S 11 (1650). In the CMB model background (t-and u-channel) processes are simulated using one high-energy and two sub-threshold s-channel poles, which are treated identically to the resonances in order to preserve the analytic structure of the T matrix. The transition amplitudes [14, 7] are
where {a, b} ∈ {πN, ηN} label the channels, and i, j label the poles, which can represent the resonances or the background. The phase space factor ρ a (s) has the form
where p a is the c.m. frame momentum and γ ai is the real-valued coupling constant of resonance i to the channel a. The form factor f a in Eq. (1) is unity in the S-wave.
The dressed propagator G ij (s) allows resonance i to couple to resonance j through rescattering, and is the solution of the Dyson equation
The bare propagator G 0 ij (s) has the form
where e i = +1 for the resonances and the high-energy background pole, and s 0i is the bare mass of the resonance (background pole). One sub-threshold pole has e i = +1 (repulsive), and the other has e i = −1 (attractive).
The self energy Σ kl in Eq. (3) is the sum over channels c
where φ c (s) is the channel propagator, which plays a central role in the CMB model. The imaginary part of φ c is the product of phase space, ρ c (s), with the square of the form factor for channel c (this quantity will be seen in the other models below) and the real part is obtained through a dispersion integral. It can be shown that the right-hand cut required for unitarity of the T matrix is obtained if the channel propagator satisfies a dispersion relation. The desired analyticity is then assured.
The dressed propagator G ij (s) can be found by solving algebraically the matrix equation
Eq. (3), with the result
and the matrix G(s) can be found by inverting H(s). This completes the necessary ingredients for calculating the T matrix in the CMB model of Eq. (1) in terms of three parameters for each resonance or background pole. These are the bare mass squared s 0,i , and the coupling strengths γ πN,i and γ ηN,i . Since there are five poles, this model has a total of fifteen parameters.
Once this T matrix is fitted to the partial wave data by varying these fifteen parameters, baryon resonance parameters are extracted from the resonant part of the T matrix. The procedure for doing this is described in what follows.
Extraction of resonance parameters in the CMB model
Poles in the resonant part of the T matrix occur at complex values of s where the denominator of the resonance propagator vanishes. A search program finds these pole locations,
and these are the model-free output (see Ref. [7] for details). This is possible because the amplitude has reasonable properties for complex values of s. shape, all characteristics of a resonance can be expressed in this commonly used form.
CMB model with polynomial background
This is a modified CMB model which uses a polynomial function to describe the background.
Care must be taken to maintain unitarity of the T matrix. Using a technique from Ref. [15] , the full S matrix is written
where R and B are the resonant and non-resonant S matrices, respectively. Here R = I+2iT
uses the CMB-model T matrix, and B is a unitary matrix that need not be symmetric.
The background matrix B is constructed from a real symmetric matrix
where for the two channel case of interest
or Once the S matrix in Eq. (7) is formed, it can be easily converted using S = I + 2iT to a T matrix that can be fit to the partial wave amplitudes by varying these twelve parameters in the usual way, and the extraction of the baryon parameters is identical to that of the original CMB model.
K-Matrix models
A unitary S matrix can be constructed from a real, symmetric K-matrix via T = K(1 − iK) −1 . This method is very common in the literature [16, 17, 11, 18] for investigating hadrons in reactions. Recently, effective Lagrangian models [11] have been used with a Kmatrix for studies of N * states. Non-relativistic reductions of Feynman diagrams make these studies more sophisticated than what is presented here. The earlier work of Moorhouse and collaborators [17] is very similar to the method used here. A common problem with all Kmatrix methods is the difficulty in maintaining analyticity. Only the work of Longacre [16] accomplished this. The differences between the CMB and K-matrix models are well known.
While CMB has a full treatment of rescattering, only the imaginary part of the channel propagator is included in the K-matrix model.
As in the CMB model, two sub-threshold poles and one high-energy pole can be used to describe the non-resonant part of the scattering matrix. The contributions from the resonance and non-resonant poles are
Here the form is similar on the surface to what is used in CMB model. The phase space ρ a (s)
is given by Eq. (2), f a (s) is the form factor (none is needed for S-wave), γ ai is the coupling constant of the resonance or background pole i to channel a (but with units different from the CMB model), and s i is the position of the i-th (real) pole. The signs e i are the same as those used in CMB model, with e = +1 for the resonances, the high-energy background pole, and one sub-threshold background pole, while the second sub-threshold background pole has e = −1. The K-matrix is formed from a simple sum over the resonance and background poles
When the K-matrix is converted to a T -matrix, rescattering ("dressing" of the resonance) comes about naturally and the resonance gains a finite width. In this model the K-matrix is written directly in terms of the resonance parameters, so that M i = √ s i is the mass of the resonance associated with the pole at s i , the partial width of the i-th resonance to channel a is
and the total width is the sum of the partial widths. As discussed above, the differences between CMB and K-matrix formalism are seen only when interactions with other resonances and non-resonant amplitudes occur.
An alternate description of the background is using the polynomial form of Eq. (9), which is added to the resonance K matrix
With either method of treating the background, these K-matrix models have the same total number of parameters as the CMB models, 15 for the distant-poles background and 12 for the polynomial background.
Breit-Wigner models
There are two kinds of Breit-Wigner model used here along with two kinds of non-resonant amplitude parameterization. In each model, the resonant and non-resonant T -matrices are summed,
This form is inconsistent with unitarity without special effort.
The resonant amplitude T i ab,res (s) is given by
The signs e i are the same as in the CMB and K-matrix models, s i is the pole position (with M i = √ s i for resonance poles), and Γ i = a Γ ai is the total width of resonance i. Using a procedure similar to that of Ref. [10] , an arbitrary phase exp(iθ ab i ) is associated with each pole in each channel. As shown below, the freedom to fit these additional phases is crucial to achieving a good fit with a Breit-Wigner model to the S 11 partial-wave T matrix elements in these channels.
The width commonly used to describe a non-relativistic Breit-Wigner form is the energydependent width Γ n.r.
with the phase-space factor ρ a (s) as in Eq. (11) is
which is the same as the numerator in Eq. (16) . This suggests the use of
for the energy-dependent partial width in a relativistic Breit-Wigner form. In what follows models using both Γ n.r.
ai (s), labeled BW n.r. , and Γ rel ai (s), labeled BW rel , are used in fitting the Breit-Wigner form in Eq. (16) to the S 11 partial-wave T matrix elements, and the results are compared. The relativistic form is the same as that advocated by Chung et al. [18] .
The first non-resonant form uses distant poles to describe the background contributions to the T matrix, so that the total T -matrix is a simple sum
This form of background has two low energy poles and one high energy pole, the same as was used with the CMB and K-matrix models. To get a good fit, each of these terms requires an additional phase in each channel, as described above. With the background described by distant poles, there are 15 parameters (mass, width, and πN branching fraction for each term) associated with the five poles, and ten phases, for a total of 25 real parameters. Of the models used in this work, this model has the largest number of parameters.
As with CMB and K-matrix models, it is possible to describe the non-resonant background by a polynomial function, so that
where the background T -matrix elements are the polynomials
As with the other models, x b = s − (m N + m b ) 2 for s above exit channel threshold and zero otherwise, but now the coefficients κ ab and κ ′ ab are complex. In this model there are six resonance parameters associated with the two poles, and 8 background parameters (2 complex numbers for each of two channels), for a total of 18 real parameters. 
Results
In order to understand the complications in the S 11 partial wave, model predictions for a hypothetical isolated resonance are first considered. Figure 1 compares the results of all four models for the scattering amplitude of an isolated single-channel S-wave resonance. A partial wave amplitude with this W dependence is the most visible signature of a resonance, producing a peak in the total cross section with an appropriate width. Such a peak is seen in the total cross section for πN → ηN, and is often interpreted as a resonance. The S 11 partial wave amplitude dominates the total cross section for this reaction, and is shown in the bottom two panels of Fig. 2 . Since the higher mass resonance S 11 (1650) couples weakly to this channel, this appears to be an isolated resonance, with small nonresonant amplitudes.
We have made single-channel fits of the πN → ηN amplitudes, which are shown as curves in the bottom two panels of Fig. 2 . The results are similar to those of single-channel fits with a Breit-Wigner energy dependence to the total cross sections for π − p → ηn and γp → ηn made by one of us, and others [19] . The data can be fit using an S-wave Breit-Wigner form if a small, but important contribution from nonresonant amplitudes is included and the energy region used in the fit is truncated. This rough fit can be used to determine only one or two Breit-Wigner parameters, requiring information from more complete fits to account for the missing decay strength of the S 11 (1535) resonance to other channels.
The single-channel, one resonance fit shown in Tables 1 and 2 . Table 1 : Results for resonance parameters from fits to the T matrix elements for πN → πN, ηN in the S 11 partial wave, using the CMB, K-matrix, and Breit-Wigner (BW) models described in the text. The next to last column shows the results of a fit including πN → πN, ηN , ρN, π∆, σN and πN * partial wave amplitudes [7] . The last column shows results for a fit of the πN data and γN → πN, ηN data [20] . Estimated fit errors are given for these cases only, errors for the two-channel fits should be comparable. Non-resonant contributions to the T matrix are described in terms of distant poles in all cases. Since the primary results of this work come from a two-channel model, only the branching fraction to πN is given, since B ηN = 1 − B πN . The last row gives the χ 2 per data point of each fit.
A common criterion in fits is the value of χ 2 , given in the last row of the tables. A comparison of the two-channel fits shows that the lowest values of χ 2 are attained using the Breit-Wigner models with distant poles background, the more theoretically sophisticated models are in between, and the Breit-Wigner models with polynomial background have the highest χ 2 values. Breit-Wigner models commonly have better fits because they are most often applied to study single-channel reactions, but are much more likely to have additional local minima close to the global minimum, reflecting the lack of theoretical constraints.
The extra parameters required to get a good fit unfortunately obscure the physics results.
The extraction of physically meaningful results for resonances depends more on the quality of the theoretical results placed on the fit than on the quality of the fit itself. In some cases the fit function is not as sharp as the data, e.g., the CMB and K-matrix model Im (T πN →πN ) amplitudes with polynomial background, although this is not apparent from the total χ 2 , Table 2 : Caption as in Table 1 , except non-resonant contributions to the T matrix are described in terms of polynomials.
which is summed over all data points. All models are able to match the shape of the cusp at at ηN threshold in Re(T πN →πN ), since this is a property of interfering amplitudes and there are many possible solutions.
In the figures more detail is shown than is customary. For all models, the amplitudes are separated into resonant and nonresonant parts. The resonant amplitudes provide rapid energy fluctuations and a rough match to the data, especially for πN → ηN. The nonresonant amplitudes are generally smooth. However, analyticity constraints require a cusp at ηN threshold, a feature of all nonresonant amplitudes using distant poles background. At first glance, the fits all look similar. More careful inspection reveals significant differences in the detailed balance between resonant and nonresonant amplitudes and in the channel coupling effects. For example, the πN → πN nonresonant amplitude for the relativistic Breit-Wigner model with distant poles background, Fig. 6 , shows a much larger imaginary part of the amplitude due to coupling to ηN than to πN.
The resonance parameters extracted using the various models are compared in Tables 1   and 2 . Agreement between the various models for the resonance masses is much better than for the full width or the πN branching fraction, since the latter two quantities are more sensitive to the dynamics. width is very sensitive to how this background is treated. Therefore, it is not surprising that the biggest discrepancies arise in this resonance property.
The CMB and K-matrix models give results largely within the error bars of the full CMBmodel result. Since the polynomial background does not satisfy the analyticity constraint, problems might be expected when it is used with the CMB model. The S 11 (1535) mass and 
Discussion
A variety of empirical models were used to fit partial wave amplitudes (the input 'data') for a carefully chosen problem, the S 11 partial wave and its two most important channels, πN and ηN. This partial wave is interesting because of the physics interest in the S 11 resonances and the large uncertainty in their properties as reported by PDG [8] . Four different resonance models (CMB, K-matrix, and Breit-Wigner with nonrelativistic and relativistic widths), and two different empirical models for the nonresonant amplitude (distant poles and polynomial) are employed. These models are in regular use for the extraction of hadronic properties. It should be emphasized that the four resonance models have almost identical amplitudes for isolated resonances. The primary differences among the models come from the way the dynamics of resonance interference, multichannel effects, and nonresonant amplitudes are treated. Although resonance models of widely varying quality are employed, the nonresonant models are both rather empirical. However, this partial wave in these channels has nonresonant amplitudes which are comparatively small. The main purpose of this work is to study the model dependence of the extraction of S 11 N * properties (mass, width, and πN branching fraction) in a case where overlapping resonances, multichannel effects, and analyticity constraints are all expected to be important.
The models used here can be put in order according to the theoretical constraints employed. The CMB model with distant poles background satisfies multichannel unitarity and constraints from analyticity, and handles resonance-resonance quantum mechanical interference well. In fact, the CMB model includes the most complete resonance propagation effects of any of the existing models. The K-matrix model used here does not satisfy ana- Breit-Wigner models used here satisfy essentially no theoretical constraints. However, unitary Breit-Wigner models [10] and K-matrix models that satisfy analyticity constraints [16] have been developed.
The large range of resonance properties given by the Particle Data Group [8] is also found here. This is evidence that much of the uncertainty in the PDG estimates of S 11 properties comes from model dependence, since the same input amplitudes are used in every fit. Some of the Breit-Wigner models have the best fits to the data, but this is due to the flexibility of these models rather than an ability to describe the underlying dynamics. As a result, the physical properties of the S 11 (1650) determined with the Breit-Wigner models are very different than with the other models. This is because of the arbitrary adjustments that must be employed in order to obtain good fits to the data. The empirical phases between the resonances provide a simple way to adjust the resonance-resonance interference at the cost of obscuring the physics output. Fig. 3 , except the resonant model used here is the two-resonance, two channel CMB model described in the text, with non-resonant amplitudes described by polynomials.
At the other extreme, the models with the most theoretical constraints, the CMB and K-matrix models with distant poles background, provide the best consistency with each other and with the CMB fits to a much larger set of reactions [7, 20] . One major result of this work is that the differences between CMB and K-matrix models are not large in a situation where their differences could be expected to be significant. The results using polynomial nonresonant amplitudes can be odd, e.g., the very narrow S 11 (1535) width in the CMB model with this background. However, this is mixing a resonance model that respects analyticity constraints with a nonresonant amplitude that does not. Even the two best theoretical models have problems that are likely due to the truncated channel space employed. The most obvious problem is in the width of S 11 (1650). Here about 20% of the overall strength that was supposed to go to channels other than πN and ηN has to be included somewhere in the smaller channel space.
The primary result of this paper is that even in a small multi-channel problem, dynamics are important. Since Breit-Wigner models have very few theoretical constraints, ad-hoc Fig. 4 , except the resonant model used here is the K-matrix model described in the text, with non-resonant amplitudes described by polynomials.
parameters are required to fit real data such as those of the two-channel problem studied here. As a result, for these models the resonance parameters are very different than those derived using more theoretically correct models. 
